This paper derives a formulation for on-line trajectory generation for two robots cooperating to perform an assembly task. The two robots are treated as a single redundant system. A Jacobian is formulated that relates the joint rates of the entire system to the relative motion of one of the hands with respect to the other. The minimum norm solution of this relative Jacobian equation results in a set of joint rates which perform the cooperative task. In addition to the cooperative task, secondary goals, which include obstacle and joint limit avoidance, are specified using velocities in the null space of the relative Jacobian. This formulation also allows the robots to be controlled in parallel on independent tasks.
I. Introduction
Many researchers have studied the kinematics of two robots cooperating to perform a task [l-3,7,8]. The approaches used can be broadly categorized into two classes. The first is an extension of single robot kinematics in which the joint rate equations for each robot are solved separately. The master-slave paradigm is an example of this type of approach in which the master robot's joint rate equations are solved according to the specification of the task and then the slave robot's joint rate equations are solved to satisfy the constraint equations resulting from the closed kinematic chain 141. In the second approach, the dual robot system is described by a single set of equations. The task of carrying a rigid object is accomplished by motion in the null space of the Jacobian for the entire system. The redundancy of a system described in this manner may be utilized by optimizing a performance measure along the trajectory This paper formulates an algorithm for on-line generation of joint trajectories for two robots cooperating to perform an assembly task. The algorithm treats the two robots as a single redundant system and uses the redundancy to avoid obstacles and joint limits as well as to provide for constraints on the absolute orientation and position of the end effectors. Assembly operations are decomposed into two types of tasks, independent and cooperative. Independent tasks are characterized by the control of the absolute 191. position and orientation of the robots to achieve separate but related goals. Collisions are avoided by including constraints on the minimum allowable distance between the robots. Cooperative tasks are characterized by the control of the relative position and orientation between the end effectors. The task of mating two sub-assemblies is a general example of a cooperative task that also requires control of the absolute orientation of the end effectors. In order to perform tasks of this type, two Jacobian equations are required, one relating the joint rates to the relative motion between the end effectors, and the other, a composite Jacobian composed of several Jacobians, relating the joint rates to the constraints on the motion of other parts of the system.
Calculating Jacobians
The transformation relating vectors expressed in the second robot's hand coordinate frame to the first robot's hand coordinate frame, denoted Thl + h z , can be expressed in terms of the homogeneous transformations associated with each link as follows
Rhl+-hz
where A; represents the homogeneous transformation from coordinate frame i -1 to i of the first robot which has nl joints and B , is the inverse of the transformation between coordinate frames i-1 and i of the second robot which has nz joints. During the calculation of (l), the transformation between the ith joint coordinate frame and the coordinate frame of the second robot's end effector, denoted by Ui, can be obtained from
The columns of the relative Jacobian, which are composed of relative linear and angular velocity vectors due to the ith joint are closely related to the third and fourth columns of the above U matrices. In particular, it is easy to show that the relative linear velocity, U;, is given by the cross product of the third and fourth column of U; and that the relative angular velocity, U;, is given by the third column of U; (see Figure 1) . The relative Jacobian, denoted J R , is therefore given by
where the upper 3 X 3 rotation R h l t h a from ( I ) , is required in order to express the relative velocity with respect to the first hand's coordinate frame.
The composite Jacobian, denoted J c , represents the set of secondary constraints which consist of obstacle avoidance, joint limit avoidance, and absolute position and orientation requirements. The obstacle avoidance criteria is represented by an obstacle avoidance Jacobian which relates the joint rates to the absolute linear velocity of those links that contain proximity sensors. It is obvious that the absolute Cartesian motion of a link possessing a sensor can only be affected by joints which are closer to the base. Thus the obstacle Jacobian, denoted Jo, for a sensor which is mounted on the sth link of the second robot is given by
The Jacobian used to specify the mechanical joint limit constraints is trivial because there is no need to transform from joint space to Cartesian space, i.e. the only joint which affects the motion of the ith joint is the ith joint. Thus the general form for the 1 x (nl + n 2 ) joint limit Jacobian,
The third type of Jacobian considered is an absolute constraint Jacobian which relates the joint rates of the system to the absolute motion of the end effector. As in the obstacle avoidance Jacobian, none of the joints of the opposite robot affect the absolute motion of the end effector and their corresponding columns in the absolute Jacobian are zero. The remaining columns of an absolute Jacobian are obtained by inserting the full 6 x n standard Jacobian. For the absolute constraints on the second robot the 6 x (nl + n2) absolute Jacobian denoted J~A is 
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The composite Jacobian is formed by combining the three types of Jacobians described in (4), (5), and (6) to 
Specifying Secondary Constraints
The secondary constraints of obstacle avoidance, joint limit avoidance, and absolute end effector locations are described by the equation
and i o is the desired velocity of a link possessing a sensor, i~ is the desired velocity of a joint approaching a limit, and i~ is the desired absolute velocity of the end effector. The velocity i o is a 3 element vector given by i o = cY(do)fi (10) where A is a vector pointing away from the obstacles, d o is the distance to the obstacles, and CY is a scalar function that is inversely proportional to d o . The velocity i~ for the ith joint is given by where emid, is the joint value midway between the two joint limits and dL is given by dL = min(Omazi -Oi, 0; -Omin,).
(12)
where Om,,, and Omin, are the maximum and minimum joint limits for the ith joint. The velocity . i~ is composed of both linear and rotational velocities so that in general It is assumed that the absolute constraints on the end effectors are specified in world coordinates so that the 3 element linear velocity is given by where p d is the desired position for the end effector and pc is the current position of the end effector. The 3 element rotational velocity is obtained in an analogous manner based on the difference between the desired and current orientations.
IV. Calculating Solutions
If the desired relative velocity required to complete an assembly task is denoted by k~ then the solution for the joint velocity that achieves this velocity and simultaneously comes closest to satisfying the secondary constraints specified by (8) is given by [5, 6] where + denotes the pseudoinverse. The first term J i k~ represents the minimum joint velocity required to achieve the primary task. The term [Jc(l-J~J R ] + is the projection of the composite Jacobian onto the null space of the relative Jacobian which is required to keep the secondary constraints from affecting the relative motion specified as the primary constraint. The vector J c J i k~ must be subtracted from the desired secondary constraint velocity i in order to account for the velocities induced by the pseudoinverse solution of the primary constraint.
The solution given by (15) gives equal weight to all of the secondary criteria, i.e. it minimizes the quantity Ili -Jc01I2 . In practice a weighted least squares solution is desirable in order to assign a dynamic priority to the secondary constraints. This is performed by specifying a diagonal positive semi-definite matrix Q and then minimizing the quantity llQ(i -Jc0)l12. In addition to specifying relative priorities, Q provides a convenient method of completely removing any of the secondary constraints by setting the corresponding element to zero.
V. Results
The trajectory generation program was tested for a workcell consisting of two seven link robots, the Cybotech and CESARM manipulators. The robots are specified to start in an awkward initial configuration with one arm over the other (see Figure 2-a) and are then commanded to follow a relative end effector trajectory which ends with the two end effectors facing each other. The joint trajectories to achieve the desired relative trajectory are first calculated using only the minimum norm solution. Next, the secondary criteria of obstacle and joint limit avoidance are added and the resulting motions are compared to the minimum norm case. A quantitative comparison of the three cases is presented in Figures 3 and 4 which graphically present the minimum distance to obstacles and joint limits throughout the trajectory.
The application of only the minimum norm solution rapidly results in a collision between the two arms (see Figure 2-b) . When the obstacle avoidance constraint is added to the trajectory generation, however, the manipulators reorient themselves so that there is no collision at the point where the minimum norm solution collides (see Figure 2 -c) or throughout the remainder of the trajectory (see Figures   2-d and 3) . Unfortunately, the reorientation used to avoid the obstacles results in a violation of the joint limit constraint on the sixth joint of the Cybotech manipulator (see Figure 4) . This can be remedied by using the formulation which includes both the obstacle avoidance and the joint limit avoidance constraints. A comparison of Figures 3 and   4 illustrates how the proposed algorithm uses the weighting parameters to allocate the available redundancy to the more critical of the secondary constraints. As a result, the manipulators are able to complete the assigned task without violating any of the constraints.
VI. Summary
The algorithm presented generates joint trajectories for two robots cooperating to perform an assembly task specified by a trajectory expressed in the coordinates of one of the parts. The robots are considered as a single redundant system with secondary criteria such as obstacle and joint limit avoidance, as well as absolute constraints being satisfied while performing the assembly task. The Jacobian relating the joint rates of the entire system to the relative motion of one of the hands with respect to the other is used to generate the relative motion satisfying the cooperative task. Motion satisfying the secondary criteria is generated by a composite Jacobian equation whose solution is constrained to be in the null space of the relative Jacobian. 
